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Abstract 

Let M be a compact Kahler manifold equipped with a Hamiltonian action of a compact Lie group 
G. In [Invent. Math. 67 (1982), no. 3, 515-538], Guillemin and Sternberg showed that there is a 
geometrically natural isomorphism between the G-invariant quantum Hilbert space over M and the 
quantum Hilbert space over the symplectic quotient M//G. This map, though, is not in general unitary, 
even to leading order in fi. 

In [Comm. Math. Phys. 275 (2007), no. 2, 401-422], Hall and the author showed that when the 
metaplectic correction is included, one does obtain a map which, while not in general unitary for any fixed 
h, becomes unitary in the semiclassical limit h — > (cf. the work of Ma and Zhang in [C. R. Math. Acad. 
Sci. Paris 341 (2005), no. 5, 297-302], and [Astrisque No. 318 (2008), viii+154 pp.]). The unitarity of 
the classical Guillemin-Sternberg map and the metaplectically corrected analogue is measured by certain 
functions on the symplectic quotient M//G. In this paper, we give precise expressions for these functions, 
and compute complete asymptotic expansions for them as h — > 0. 
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1 Introduction. 

Let M be a compact Kahler manifold with Kahler form u). Suppose there exists a Hermitian line bundle 

(k) 

i with connection with curvature — ioj. For each positive integer k, the geometric quantization H M of M 
is defined to be the space of holomorphic sections of l® k . In the context of geometric quantization, k is 
interpreted as the reciprocal of Planck's constant H. 

Suppose moreover that G is a compact Lie group, with Lie algebra g, which acts on M in a Hamiltonian 
fashion with moment map $ : M — >■ Q*. Under sufficient regularity assumptions, the symplectic quotient 
M//G is again a compact Kahler manifold; denote the resulting Kahler form by Q. Assuming that the action 
of G lifts, the bundle I descends to a line bundle £ —> M//G, and the connection descends to one with 
curvature — iu). 

The space r n^ii G of holomorphic sections of l® k is the result of reducing before quantizing. On the 

other hand, one may first quantize and then reduce, which amounts to considering the space (T^M^j of 

G-invariant sections of £® k . 

A classical result of Guillemin and Sternberg [3] is that there is a natural invertible linear map Ak from 

the "first quantize then reduce" space to the "first reduce then quantize" space %j^, G . From the 

point of view of quantum mechanics, though, it is not only the vector space structure of the quantization 
that is important, but also the inner product. 

It is known that in general, the Guillemin-Sternberg map Ak is not unitary, and is not even unitary 
to leading order as A: — > oo [T], [3J, [5], [5], OH], [H], [H], [T3J. In [5], the author and Brian Hall showed 
that when the so-called metaplectic correction is introduced, one obtains an analogue Bk of the Guillemin- 
Sternberg map which, though still not unitary in general for any fixed k, becomes unitary in the semiclassical 
limit k — > oo. This can also be obtained as a corollary of the work of Ma and Zhang in [TT], [T2]. It was 
later shown to be the case in a more general setting by Hui Li [9]. 

The unitarity, or lack thereof, of the map A^ (resp. Bk) can be measured by a certain function Ik (resp. 
Jfe) on the symplectic quotient M//G, with unitarity achieved at least when Ik (resp. Jk) is identically 1. 
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One of the main results of [5] is that 

lim J k = 1, 

k— >oo 

where the limit is uniform on M//G. (There is an analogous computation for the limit of the Ik', see Sections 
O and O below). 

Our main results are explicit expressions for Ik and Jk (Theorem II. ip as well as complete asymptotic 
expansion of the functions Ik and Jk as k —> oo (Theorem II. 2p . We state these results precisely in Section 
11.11 below. We should also mention that in [TT] and [T2] , Ma and Zhang, as well as Ma and Marinescu in 
|10) , already show the existence of asymptotic series which are related to that for Ik and Jk ■ 

Inspired by results in equivariant cohomology, for example the Duistermaat-Heckman theorem, which 
one may prove by computing the leading order asymptotics and then showing that in fact the higher order 
corrections are zero, one may ask whether there are any cases in which Bk is asymptotically unitary to all 
orders, that is, in which lim / t_ ! . 00 J k = 1 + o(fc~°°). Although we do not prove it here, our results suggest 
that such "exact asymptotics" are not possible for compact M (see the remark following Lemma l373|) . Our 
results, as well as those of [5], do not seem to depend crucially on the compactness of M, and indeed the 
obstruction to "exact asymptotics" disappears when M is noncompact. 

In the rest of this section, we describe our main results precisely and then recall from [5] the precise 
definition of modified Guillemin-Sternberg-type map Bk- We finish this section by explaining how the 
existence of the asymptotic expansions of Ik and Jk can be deduced from the work of Ma and Zhang in |11) , 
[16] . which also yields another method for computing the coefficients. In Section [5] we build on the results of 
[5] to give precise expressions for the densities Ik and Jk which make the asymptotic computations possible. 
In Section [3] we prove our main result, Theorem 11.21 by applying previous results of the author [6] to the 
case at hand. 

1.1 Main results. 

Let (M 2n , uj,J,B :— J-)) be a compact Kahler manifold with symplectic form to, complex structure J and 
metric B. Let £ — > M be a Hcrmitian line bundle over M with connection V with curvature — iu). Suppose 
that a compact Lie group G of dimension d acts on M (preserving the Kahler structure) in a Hamiltonian 
fashion with moment map $ : M — > g*, and suppose moreover that the induced infinitesimal action on £ 
(given by the quantization of the components of the moment map) exponentiates to a global action of G on 
£. We denote the components of the moment map by 4>^ : M —> M, for £ £ g. 

Suppose that is a value and a regular value of and moreover that G acts freely on the zero set 
$ _1 (0). In this case, the symplectic quotient M//G := $ _1 (0)/G is a compact smooth manifold which 
inherits a Kahler structure from that of M; denote the induced symplectic form on M//G by cD. The line 
bundle I descends to a Hermitian line bundle I — > M//G, and the connection V, restricted to G-invariant 
sections, induces a connection on I, Throughout, xq £ $ -1 (0) will denote a point in the zero-section, and 
[xq\ :— G ■ x will denote the corresponding point in the symplectic quotient. 

The infinitesimal action of G on M can be continued to an infinitesimal action of the complexified 
grou p3 G c by setting := JX$. This action exponentiates to an action of Gc on M. The saturation 

Gc • $ _1 (0) of the zero set by the group Gc is called the stable set M s . It is an open submanifold of M, and 
the complement is of complex codimension at least one. The (free) action of Gc on M s gives the stable set 
the structure of a principle Gc-bundle ire ■ M s — > M//G. Indeed, the complex structure on the symplectic 
quotient can be understood via the Kahler isomorphism 

<Z>- 1 (0)/G = M//G = M s /G c . 

Moreover, the action A : exp(V— lfl) x C E > ~ 1 (0) — > M s gives the stable set the structure of a trivial vector 
bundld over $ : (0) with fiber q (see the original paper by Guillemin and Sternberg, [4], or the more recent 
articles [S], jS], or [T3], for details). 

1 For each compact Lie group G there exists a unique Lie group Gc such that G is a maximal compact subgroup which sits 
inside Gc as a totally real submanifold, and such that the Lie algebra of Gc is the complexification of g. The group Gc is called 
the complexification of Gc- It is diffeomorphic to T*G, and the multiplication map G X exp(-^— lg) — > Gc is a diffcomorphism. 
See 0, Section VII. 1, for details. 

2 This does not imply that M a is a trivializable Gc-bundle over M//G; in general the zero set <1? — 1 (0) is a non-trivial G- bundle 
over M//G. 
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The geometric quantization H M of M is the space of holomorphic sections of £® k , fc £ N. We make H M 
into a Hilbert space by equipping it with the inner product 

(s,t) := (fc/2vr) n/2 / (s,t)^, 
Jm « ! 

where (s, t) denotes the pointwise Hermitian product in £® k . 

Let K : f\ n (T 1,0 Af)* denote the canonical bundle of M. Suppose that K admits a square root0, and 
denote a choice of square root by \K. Sections of \K are called half-forms, and \ K is called a half-form 
bundle. A section of K is said to be holomorphic if in each local holomorphic coordinate chart, the coefficient 
of dz 1 A ■ • • A dz n is a holomorphic function. Suppose that the action of G lifts to an action on y/K which is 
compatible with the action on K induced by pushforward. 

There is a natural inner product on the space of sections of \f~K: if ji,v £ T (^\/~K^j , then /i 2 A v 2 £ 

/\ 2n T C M is a (complex) volume form. We can trivialize the bundle f\ 2n TM by the (global, nowhere 
vanishing) section ui n /n\, and hence there is a function (/i, v) — the pointwise inner product of \x and v — such 
that 

(1.1) (X 2 AD 2 =: {n,vfu n /nl. 

The metaplectic correction, by definition, amounts to considering £® k ® \[K\ that is, the (half-form) 
corrected quantization of M is the space of holomorphic sections of £® k ® \f~K. The pairing (|l.ll) is a 
special case of the BKS pairing in geometric quantization |15j . Section 10.2. It defines a Hermitian form 
on £® k ® \[K and hence an inner product on n^ M : for sections ti,i2 £ T(£® k ® \/~K) which are locally 
represented by tj(x) = Sj(x) ® /x(x), we set 

(t 1 ,t 2 )(x) = (si(x),s 2 (x))(n,i/)(x). 



Let (m^m^J denote the space of G-invariant holomorphic sections of £® k , and similarly the 

space of G-invariant holomorphic sections of l® k ® yK. The restriction of a G-invariant holomorphic section 

s £ yHfrj^j to $ _1 (0) descends to a section of £ which we denote by A^s. In [3], Guillemin and Sternberg 
show that A)~s is holomorphic, and moreover that Ak is an isomorphism of vector spaces. 

As mentioned above, it is known that the map A/, is generically not unitary, and does not even become 

approximately unitary as fc — > oo. In Section [T3] below, we will recall from \"> a similar map Bk : yH-wj 

^M/C ^ or ^ sufficiently large, relating the quantum spaces in the presence of the metaplectic correction. 
To define the map Bk requires more than just "restrict and descend" because two half-forms on M pair to 
give an (n, 0)-form on M. But two half-forms on the quotient should pair to give an (n — d, 0)-form, so a 
mechanism to reduce the degree is needed. The map Bk turns out to be essentially a square root of the map 
"restrict to $ _1 (0), contract with the vectors in the directions of the infinitesimal G-action, and descend 
the G-invariant result to the quotient" . The map Bk is also in general not unitary, but it does become 
approximately unitary as fc — > oo. The asymptotic unitarity of Bk was shown directly in [5], but, as we 
explain in ll.2l below. it also follows from [TT] and |16) . 

To measure the unitarity of the maps Ak and Bk, the author and Brian Hall showed in [5] that there 
exist functions Ik £ C°°(M//G), and for fc sufficiently large functions £ C°°(M//G), such that 

(1-2) / \s\ 2 ^ = / \A k s\ 2 /fcT^-^y, for every a £ hi™) , and 

Jm n\ J m//g (n-d)\ V J 

l — d 



(1-3) / kl 2 — = / \B k r\ 2 Jk- ( ^, for every r £ Mg) 

Jm n\ J MI , G [n-d)\ \ J 



I MUG 

3 A square root of K is a line bundle, denoted by y/~K, such that y/K ® \fK = K. Such a line bundle exists if the second 
Stiefel- Whitney class of M vanishes. If a square root of K exists, then the set of isomorphism classes is parameterized by 
H 1 (M,Z 2 ). 
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Clearly, Ak (resp. Bk) is unitary if I{k) (resp. J{k)) is identically 1. The main result of [5] is a direct 
proof that for each xo € $ _1 (0), 

lim I k ([x }) = 2- d/2 vol(G ■ x ), and 
lim J k ([x }) = 1, 

A;— >oo 

where both limits are uniform. The asymptotic limit of Bk means in particular, that in the presence of the 
metaplectic correction, quantization commutes unitarily with symplectic reduction in the semiclassical limit. 
Moreover, in the uncorrected case, if vol(G ■ xq) is not constant, then Ak does not converge to (a constant 
multiple) of a unitary map. 

To the best of our knowledge, the first appearance of the asymptotic limit of Ik is a formal computation 
in the thesis of Flude [3] . The limit (ll.2p was rigorously obtained first by Charles in [I] , when G is abelian, 
and by Ma and Zhang in when G is nonabelian. Similar computations have also appeared in jlO) . and 
[T5] (we refer the reader to the discussion in [5] for more details), and most recently in greater generality in 
[5]. As we explain below in Section [TT21 the limit (|1.3I) of Jk can also be obtained as a corollary of [TTJ Thm. 
0.10] and Ql]. 

We will find expressions for the densities Ik and Jk in terms of the geometric data, and compute complete 
asymptotic expansions for both densities as k — > oo. 

To state our results precisely, fix an Ad-invariant inner product on g and, with respect to it, and orthonor- 
mal basis {£j}f = i such that the corresponding Haar measure dvolc on G is normalized to J G dvola = 1. 
Introduce polar coordinates £ = (p, f2) on g, where 



(£ 1 ) 2 + ---(£ d f 



and fl G S 1 is a point in the unit sphere; in particular, £ = pQ. The Lie algebra g acts on M infinitesimally, 
and we denote the vector field giving the action of f e Q by X* € T(TM). 

For a function / £ C 1 (Af), we define its gradient as the image of <i/ under the isomorphism between 
T*M and TM given by the Kahler metric B = ui(-, J-); that is, df = J5(grad /, •). The divergence of a vector 
field X € T(TM) is defined by drv X := £xw"/w", where £^ denotes the Lie derivative in the direction of 
X, since for a Kahler manifold, the Liouville form uj n fn\ corresponds to the Riemannian volume. These are 
related to the Laplacian by 

(1.4) A/ = divgrad/. 
Our first main result is the following. 

Theorem 1.1 The densities Ik and Jk may be expressed as 

( k \ d/2 

(1.5) ifc([x ]) = ( — j vol(G ■ x ) 2 ji(fc,x ), and 



fk\ d/2 

(1.6) Jk([x }) = f - J uoZ(G ■ x )ji/ 2 (fc,xo) 
w/iere 

(1.7) j a (k, x ) := jT exp | jT -2fc^(e 4 *«x ) + a A^(e^x )dt| 

Moreover, we will find that j a (/c, xo) (and hence Ik and Jk) admits an entire asymptotic expansion 

oo 

j a (fc,x )~fc- d / 2 ^C^(*o)fc- 3 

3=0 
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as k — > oo, where the coefficients are given explicitly in Theorem 11.21 below. The results of [5] may be 

interpreted as the statement that — (q 1 ^ 2 ^ = ir d / 2 vol(G ■ ^o) -1 - 

Our second main result is a computation of the coefficients Q. The coefficients can be expressed, and 
computed, more efficiently in terms of certain combinatorial quantities which we will introduce in Section 
El We state here our results in a direct form, where the geometric content can be clearly seen. The concise 
version appears as Theorem 13. II in Section [3] 

Theorem 1.2 For ) a (k) as defined in {1. 7| ), 
(1.8) 



u(k, x ) = k- d ' 2 e df ( x o)k- j + <>(k-°°), 

3=0 



where the coefficients are given by 



x 



,3-m 



T- 



m=0 



3—m 



(1.9) 



E E c(i- m;n) (A0 n ) ni ((JX n ) Afc 



E 



.d+j 



E 



_^ } (m + 2)!---(n r +2)! 



((JX°)'A^ 

■(JX n ) ni+1 <Pn ■ ■ ■ (JX n ) n "+\ 



dfl 



whe 



c(j;nx,ri2, ■ 



a (a — 1) • • • (a — r + 1) 



J! 



■>' ' (l!) n ini!(2!)"2 n2 ! . . . (jl^rijV 
the sums in the second and third lines of U.9\) are taken over the sets 



'Pjjin) = {( n U ■ ■ ■ ,ni) e Z> : ni + ■ 
Q m ,r(n) ={(ni,...,n r ) € : n x + 

and empty sums are understood to be 1. 

For example, the first two terms are 

C^Mr(f) f \Xg\~ d dn, and 
Js d - 1 



ni = j — I + 1 and n\ + 2^2 + • • • + I ni = j}, and 
- n r = m}, 



t^ = ir(i)[ \x 



^0 I 



\x n 



dn. 



Remarks. 

1. The function 

JX a M*o) = "(X n , JX n ) = \x^ a \ 2 

is strictly positive (since we assume G acts freely on the zero set). We write it as \X | 2 when we want 
to emphasize this positivity. 
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2. By the general theory of [5], the first term can be expressed in terms of the determinant H of the 
Hessian of 2 L <f>^(e lt ^Xo)dt at £ = 0. This determinant was computed in [5], Lemma 3.1 and Theorem 
4.1, to be H = 2 d vol(G ■ xo) 2 , from which it follows by [6], Proposition 1, and Lemma 13731 that 

, i r ri r(-) od/2+1 d/2 

<g> = hr(&) / \x9\- d dn = L \ 2)2 " =7r d / 2 voi(G-x )-\ 



We conclude this section by recalling the definition from [5 ; of the half-form corrected Guillemin-Sternberg 
type map B k discussed in the introduction. For a p-form a, denote the (left) contraction with vector fields 

X l ,...,X r by\ (A; =1 a := a(X 1 ,X 2 , X r , •)• 



Theorem 1.3 J5$ (Theorem 3.1) There exists a linear map B : T(M, VK) G — > T(M//G, V K), unique up to 
an overall sign, with the property that 



M s 



For any open set U in M//G, if v is holomorphie in a neighborhood V o/ tt^ 1 ([/), then Bv is holomorphic 
on U. 

For each k, there is a linear map B k : T(M, (.® k ® \f~K) G — > T(M//G,£® k ® vK), unique up to an overall 
sign, with the property that 

B k {s®v) = A fc (s) ® B(v) 



for all s £ F(£® k ) and v £ T(\ f K). This map takes holomorphic sections of l® k <g> \/K 
sections of l® k ® \f~K 



to holomorphic 

v 



u 

1.2 Previous work. 

Let us briefly describe how the asymptotic unitarity of the maps B k , as well as the existence of the asymptotic 
expansions of I k and can be deduced from results of Ma and Zhang [llj.|16j. 
In [16| Prop. 1.2 and Thm 1.1], it is shown that there is a canonical isomorphism 

(1.10) H°{M,i® k ® 4K) G -> H°(M//G, l® k ® (VK)q), for k > 1. 

In [5], the author and Brian Hall show that there is a canonical isomorphism Kq — » K , a i— > B(a), given by 
contracting with the vector fields generating the action of G. Combining these two isomorphisms shows that 
B k is an isomorphism for k ^S> 1. Moreover, it follows from the isomorphism (jl.lOj) that the modification of 



the norms on (Va)g and V K is induced by £? and equals ^Jvol(G ■ xq). Hence, the asymptotic unitarity of 
Jfe is a consequence of [TTJ Thm. 0.10]. 

To see that the asymptotic expansion of I k follows from [1] , when G is abelian, and from [IT] , when G is 
nonabelian, let s G ("H^') G and set v = A k s. Then 

U! n 

M n - 

By [1] and [11], the operator /c~ d / 2 (^4 fc o A* k ) is a Toeplitz operator, whence k d l 2 {A k o A^) -1 is also a Toeplitz 
operator. Thus, 

oo 

k d ' 2 {A k o A*)- 1 = U k9j U k k-' + 0(k-°°), 



G 



where II fe : C OC (A -'T*M//G <g) i k ) -> W$ //G is the orthogonal projection, and <?j are smooth functions on 
M//G with g = 2~ d / 2 vol{G ■ Xq). By integrating, we obtain 

({A k oAt)- l v,v) M//G = k- d ' 2 Y j ( \A kS \ 2 gj k-^ + 0(k-°°), 

p* J MUG n[ 

which shows that the desired expansion for Ik exists. A similar computation can be made to conclude the 
existence of an expansion for Jk (using the operator T p from [111 (7.1)]. 

2 The densities Ik and 

In this section, we will build on the results of [5] to find the expressions (|1.5p and (ll.6[) for the densities Ik 
and Jk (resp.). Much of the groundwork was already done in [5], but we need more precise results to get the 
full asymptotic expansion. 

In [5J Thm. 4.2 and 4.3], it was shown that 

(2.1) I k ([x }) = ^(G-xo)(fc/27r) d/2 ^T^,xo)exp|-2fc^ ^(e^io)*} d d £ 
and that 

(2.2) Jk({x }) = {k/ir) d / 2 j r(e, x ) exp {- jf ^(e^o) + ^f^^o)) dij 

where r is the Jacobian of the diffeomorphism A : g x $ -1 (0) — > M s given by A(£, a;o) := e^xo- It was 
also shown that as fe — > oo, the contribution to Ik (resp. Jk) coming from the complement of a ball of 
finite radius is exponentially small, so it is enough to consider the integrals restricted to the unit ball 
/'': {£' EM ' !! • 

The main result of this section is the following computation of the Jacobian r in terms of the geometric 
data. 



Theorem 2.1 The Jacobian of the map A : (£, xq) € fj x $ 1 (0) — > e^xo € M s is given by 

T (t.i x o) = vol(G ■ x ) exp | J A0 5 (e lt5 xo)di| . 



Using Theorem 12.11 to simplify the densities (|2.1[) and (|2.2j) above yields Theorem 11.11 The proof of 
Theorem 1 2 . 1 1 depends on the following two technical lemmas. Consider the volume form /j, on M s given by 

Lemma 2.2 For each r\ € fl, we /icwe CjxvfJ. = 0. 

Proof. Let Ai, • • • , A2„ be vector fields on M s in a neighborhood of e*^xo. Then 
(£jxvn) el£xo (Ai, . . . , A 2 „) = lim - [(e ,s,J )*^ e4 < a . - Me«x ] (^i> ■ • • >-^2n) 

= lim - [^-^^^(e^Ai, . . . , e'/^n) - ^ 5l jA, . . . , A 2 „)] 



lim — - 

s->-0 sn\ 



,,,n (p-isri-iZ+isr) y -isr]-i^+isri y \ 



% Q {e-*X 1 ,...,e-*X 2n ) 
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Lemma 2.3 (A*/x),£ . = vol(G ■ xo)d d ^ A tfoo/$-i( ). 

Proof. Since both A*/x and d d ^ A dvoZ$-i( ) are top dimensional and the latter is nowhere vanishing, there 
exists a function ft(£, Xq) such that (A*/x)^ ^ * = ft(£, xo)d d £ l A dwI$-i(o). 

We will show that ft, is independent of £, from which we will conclude that h(xo) — vol(G ■ xo) by 
restricting to the zero set, where it is known [5], equation (4.17) and Lemma 5.4, that 

(A»(o,x ) = (AV/n!) (0 , Io) =^(G-x )d d eAdwo/ <i) -i (0) . 

To show that ft is independent of £, let 77 € g. Then 

e^+^xo = JA" l5 . 



d 



A(^ + «j,aso) = — 
,=0 ds 



s=0 



By Lemma r2.2[ for each 77 e q, 

(£ ( „, 0) A» (? xo) - (A*£jx^)(£,x ) = °' 
which implies ^-/j(£, xo) = for each basis vector that is, ft = h(xo). ■ 

Proof of Theorem 12.11 For each £ £ g, the Gc-action yields a map e -4 ^ : M s — >• M s given by x 1— >■ e _4 ^a;. 
Let /x G r (A 2 " T*Mj be the volume form defined at each point by 



2)1 



Since /x is nonvanishing, we can use it to trivialize /\ T*M; in particular, there is a function 5 € C°°(M) 
such that 

(2.3) ^ = ^ 

n! 

Differentiating in the direction of JX^ and dividing by cj n /n\, we obtain (using Lemma l2"?2"j) 

(2.4) ^ = ^l = JXilog , 

UJ n 

Fix a point £ = pfi and define a path 70 (t) := e ltn x for < e [0,p]. Then 70 (t) = . Hence, 

JX°log<5 = d log <5 (70). Integrating dlog<5 along the path 7n(i) therefore yields 

(2.5) g(e^°g ) = exp } S(x ). 

Now, by definition /i xo = cj™ o /n! for xo € $ _1 (0) which implies S(xq) — 1 for xq e $ _1 (0). Combining 
Lemma HO with (|2T3|) and (|2~5]) yields 

A*cj n /n\ = vol(G-x )explj — j d d ( A dvol^-i (Q) . 

Finally, to complete the proof, observe that by (|1.4[) . Cj X tw n jd n = divgrad^n = A</>q. ■ 



3 The expansion. 

In this section, we first introduce some combinatorial objects to simplify the statement of Theorem 1 1.2 1 We 
then recall results of the author [6] which can, after some computations, be used to arrive at Theorem 11.21 
Finally, we will carry out these computations, thus arriving at our proof of Theorem 11.21 
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To state Theorem 11.21 in a more useful form, we recall here some combinatorial objects related to Bell 
polynomials; we refer the interested reader to [2], Chapter 3, for more details. The partial Bell polynomials 
Bjj, — Bjj(%i, x 2 , . . . ,xi), combinatorial functions on the set {x±, . . . , x{\ which can be defined in terms of a 
formal double series expansion, are given explicitly by 

(3.1) Bj,i{xx,...,xi)= ^2 c{j\n) x^ 1 x^ • • -xl l 



where 



c(j,n) := c(j;ni,n 2 ,---,nj) :- 



(l!) n ini!(2!)"2n 2 ! ■ ■ • (U) ni ni\ 
and the sum is taken over the set Vj.i(n) consisting of all (ordered) /-tuples of nonnegative integers n 
(ni, n 2 , . . . , ni) such that ni + • • • + ni = j — I + 1 and n\ + 2n 2 + ■ ■ ■ I ni = j, that is, 

/o n\ -n \t \ r- v l n 1 +n 2 -\ h m = j - I + 1 

(3.2) Vj An) = <{ni, . . . ,m) e Z >0 : , 
y ' ^ - ni + 2n 2 + • • ■ + I ni = J 

The partial Bell polynomials are classical combinatorial objects and are known to satisfy many recursion 
(and other) identities. We will find useful the combinations 

j 

(3.3) Bj(xi, ■ ■ ■ ,xj) := ^2B jt i(xi, . . . ,xi), 

i=i 

which are known as the complete exponential Bell polynomials^ 

Related, though much simpler, are the polynomials C m; r — C m .r(xi,x 2 , • ■ ■ ) defined by 

oo 

( Xl t + X 2 t 2 + X 3 t 3 + ---Y =Yj C m,rt m - 

m—r 

These polynomials can be computed recursively via the relation 

m — 1 

^m,r — ^ ^rn—j^j,r—l 
j=r-l 

with initial data C m ,i(xi, X2, . . . ) = x m . Alternatively, C m , r is the sum of all ordered products of r elements 
of the set {xi, X2, - . . } such that the subscripts add to m: 

(3.4) Cm.r {%1 j • • • ; •^■m) : ^ ^ ^ni ^ri2 ■ • ■ %n r j 

Q m ,r(n) 

where 

Qm,r{n) = {(ni, ■ ■■ ,n r ) G Z r >0 : m + n 2 H hn r = m}. 

To state our main theorem more concisely, let f,g,h£ C°°(g x $ _1 (0)) be 

f(p,n,x Q ) :=2 f M<? mx °)dt, 



(3.5) /i(p,n,so):= [" A<f>n(e itQ x )dt, and 

Jo 

g(p, ft, x ) : = exp {a/i(/9, O, x )} 

The expression of Theorem 11.21 we give below is in terms of the Bell polynomials introduced above and the 
radial derivatives of /, g and h (which are computed below in Lemma l3.3p . It will turn out that the leading 
order behavior of / is quadratic, so we define 



1 d j+2 
/i(fi^o) := (j . + 2) , dpj+2 f(p,n,x ) 



p=0 



4 Note that the sum starts at 1. This is in contrast to some other definitions in the literature; generally, sums starting at 
zero are called more simply the complete Bell polynomials. 
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For g we define the usual Taylor coefficients 



j\ dpjg(p,fl,x ) 



p=0 



and similarly for h (we will drop the f2 and xo dependence to ease notation). 
The following is a more concise version of our main Theorem 11.21 

Theorem 3.1 For ) a {k) as defined in ljl.7\ ). 



j a (k,x ) = k- d / 2 J2Qf(xo)k-J +o(fc-°°), 

3=0 



where the coefficients are given by 
(3.6) 



fo 



(d+j) 



E 



where 



— ' (j — m)\ 

m=o w ; 



Bj- m (hi, 2!/i 2 , 



9 \ ^m,r Vj 1 ) • ■ ■ ij mj 

JoW r _ 

m 

■ ,m!fe m )2j 



o^ A ^Tra,r(/l; • • ■ i /m) 



(p + 2) 



(JX 



O \p+l 



(p + 2) 



■(jxgr \x2 \\ 



the polynomial C m ^ r (fi, . . . , f m ) (defined in \3.$ ) is the sum of all ordered products of r elements of the 
set {/i, /2, . . . , f m } such that the subscripts add to m, the polynomial Bj- m is the complete Bell polynomial 
defined by H3.1\) and j3.4]), and empty sums are understood to be I. 



Remark. 

To obtain naive "exact asymptotics" , that is, term-by-term cancelation of the tail of the series (|1.8p . 
we see from (|3 .€>[) that it is necessary that / = 2 J p (pQ(e lpnt xo)dt be quadratic in p. Otherwise the set 
fz-i ■ • • i /jv} is nontrivial for all N > 1 which yields nontrivial C TO . r (/i, . . . , f m ) terms at all orders. 
For compact M, it is not possible that / be quadratic, since if it were, then twice differentiating implies 

2 

e^rro = cons ^' But as P ~* °°> ^ ne P a ^h e lpn xo approaches a point Xoo which is fixed 

2 



JX u Me lpn x Q ) = 



by e (see [5|) so that we must rather have 



as p — > oo . 







Using the linearity of the moment map and £ = pO, we have 

/ fe(e it£ x )dt = [ P Me itn x )dt 
Jo Jo 

and 

/ Acf >e (e i ^x )dt = / P Afc(e' t!i x )(ii. 
Jo Jo 

Therefore, in terms of the functions / and g defined in (|3.5I) . the density ) a may be written 

h = f e- kf gd d i= [ e- k fe ah d d d, 

J S J 3 

which is, for each fixed xq g $ _1 (0), a Laplace type integral. It follows from [5] that it is enough to consider 
the integral over the unit ball £?:={£€£): |£|<1}- 
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For completeness, we quote the result from [5] which we need to obtain Theorem 11.21 Let {f 1 , . . . , £ d } 
be coordinates on R d . Denote by S d ~ 1 = {|£| = 1} C M. d the unit sphere and introduce polar coordinates 
P ■■= Vie) 2 + ■■■ (t d ) 2 and n = e s d -\ 

Suppose that R is a region in M. d containing as an interior point, and let / and g be measurable functions 
on R. Suppose / attains its unique minimum of at 0. Assume moreover there exists N > and 

• N + 1 continuous functions fj(Q), j = 0, . . . , N with fo>0 such that for some v > 

N 



(3.7) 



f(p, Sl)=p v Y, fiW + °(P N+ ") as P 0, and 
i=o 



• N + 1 functions gj(fl), j = 0, . . . ,N such that for some A > 

iV 



(3.8) 



fi) - /~ d QiW + o(p W+A - d ) as p -j- 0. 

3=0 



Theorem 3.2 /(?/ Wj'i/i £/ie hypotheses above, there exists an asymptotic expansion 



(3.9) 

where the coefficients are given by 

^ r (^).L 



AT 

/ e- kf gd d x = VC J fc- (A+3)/ "+o(fc 



-(N+\)/v 



ft 



3=0 



m=0 



'm </0 



where fm = C m , r (/i, . . . , / m ) is </ie smttH o/ all ordered products of r elements of {/i, /2, . . . , / m } smc/i £/ia£ 
the subscripts add to to, (") := a(a — 1) • • ■ (a — r + 1)/?"!, snd empty sums are understood to be 1. 

To apply Theorem l3.2| we need asymptotic expansions of / and g near 0. We will use their Taylor series: 

Lemma 3.3 For f and g as defined in \3.5\) . 



/ = p 2 E 



v 



(jX a ) i+1 <Pa + oip 00 ), p^0 



3=0 



(J+2)! 



■9 = E ^T-^(A^(x ), J^A^o), . . . , (J*° )'" x A<feK)) + o(p°°), p 

3=0 J - 



Hp 3 

3=0 



+ o(p°°), p^0, 



it e *on((^r i A^(«o)) n 

■' l=0V jit (n) p=l 

where Bj is the complete exponential Bell polynomial defined in US. 3]) and Vj,i(n) is defined in L3.2\ 
Proof. The fundamental theorem of calculus yields 

d n p f{e lpn x ) = 2d;' 1 Me lpn x ) = 2( JX n ) n ~ Vo(e v °x ). 
Moreover, f(xo) — d p f(xo) — 0, so that 

OO _ j 

J=2 ■ y - 



5 For example, f& = 6/1/2/3 + 3/2/4 + /f, 
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as desired. 

To compute the Taylor series for g, we first recall that the Taylor series for exp(h(p)) near p = can be 
expressed using Faa di Bruno's formula as [2], Section 3.4, 



(3.10) 



^^e X p{h(0))B j {h'(p),...,h^(0)) 



3=0 



E j\ 

3=0 J ' 



exp(Mo))^ cC7;#on( ft(p) (°)) 

1=1 Py(S) 



p=l 



where Bj is the complete exponential Bell polynomial (|3.3I) . and V^iiji) is defined in (I3.2[) . Taking = 
a J P A(f> n (e int x )dt in (I3TTU1) and using ^(e^o) = Jl^fe^iio), = ( JX )'- 1 Acfo, and ff (x ) = 

exp(h(Q)) = 1 completes the proof. ■ 

We are now ready to prove our main Theorems 11.21 and 13.11 
Proof of Theorems 11.21 and 13. li Take v — 2 and A = d. From Lemma [3~3l we see that 



(3.11) 

and 

(3.12) 



9j (n,x ) = ^B j (AMxo),JX% AMxo),---,(JXZ) iA Mxo)) 



3 



J 



E E ^^^((o^a^w 



m?,-,^) p=i 

Plugging these into Theorem 13.21 applied to j a (k,xo) ~ J" e~ k f gd d £ yields 



where 

(3.13) 

in which 
(3.14) 



*7 2 I 2 



j Q (fc, 2 ; ) = ^0fc- ' +d)/2 +o(fc- 



i„n|-( rf +j) \ " a gj-m \ - / 2~ 
I | _ y \ r 

m=0 yJ ' r=l v 



X 



-2r 



•(r) 



X|) | J m 



dn 



/i r) = (J<) 2 <fe, | (JX°) 3 &i, • ■ • , (JXZ) m+1 <l>n) 



E 



(jx")" i+ Vn---(J^ s ')" r+ V 



0iir ^(»i+2)!-(nr + 2)! v xa 

is the sum of all ordered products of r terms of the set xq), /2(fi, xq), . . . } whose subscripts add to rn 

and 



(3.15) 



B, 



B^ m (A<j> n (xo), JX^AMxo), ■ • ■ , {JX^y™- 1 AM*o)) 



j-m 



= E E *-m,^n(«) A^h: 

2=0 7Vm,i(n) p=1 

Aside from simply substituting f^} and i?j_ m , we can make one significant simplification: 
Lemma 3.4 Q = for j odd. 
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Proof. The linearity of the infinitesimal action of Gc on M implies X n = —X n and JX n = — JX. 
Related is the linearity of the moment map in the component index: <fi-n = —<Pq. These facts together imply 
that fj(— f2,xo) = ( — x o)- Since the sum of the subscripts of the terms appearing in f$ is m, we 

have fm\— £1,xq) = {—l) m fm\^,x ). Finally we conclude that 

which implies that for j odd, the integrand appearing in Q is antisymmetric with respect to Q H >• —Q so 
that the integral is for j odd. ■ 

Making the substitutions of (|3.14|) and (|3.15j) into (|3.13|) and replacing j by 2j (Lemma I3.4|) yields 
Theorems O and O ■ 
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